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FIG. 1. GW shift due to BH kicks (artificially exaggerated to demonstrate the key features). As the kick velocity builds up
during the last few orbits and merger, the emitted GWs are progressively redshifted (left) or blueshifted (right), depending on
the sign of the projection of the kick velocity vk onto the light-of-sight n̂. This is equivalent to a di↵erential rescaling of the
binary’s total mass from M to M(1+vk · n̂). These figures have been produced by artificially imparting kicks of vk · n̂ = ±0.5c
to non-spinning equal-mass binaries, assuming a Gaussian kick model with � = 60M [see Eqs. (4)-(5) with ↵n = 0 for n � 1].

ters the binary dynamics exclusively in the dimension-
less form fM , where M is the total mass of the binary
(hereafter G = c = 1). This scale invariance implies
a complete degeneracy between a frequency shift and a
rescaling of the total mass of the system. For example,
the cosmological redshift z of a BH binary merely en-
ters in the predicted GW emission through a rescaling
of the total mass by a factor (1 + z) and, hence, GW
observation of the binary only measures the combination
M(1 + z)[29]. BH kicks produce a similar e↵ect: the
motion of the center of mass shifts the emitted GW fre-
quency by a factor 1 + vk · n̂ (vk is the kick velocity
with magnitude v

k

and n̂ denotes the direction of the
line-of-sight from observer to source). There is, however,
one crucial di↵erence: while cosmological redshift homo-
geneously a↵ects the entire signal, a frequency shift due
to BH kicks gradually accumulates during the last or-
bits and merger. This point is illustrated in Fig. 1: as a
kick is imparted to the merging BHs, the emitted GWs
are progressively blue- or red-shifted. This equivalent to
varying the e↵ective mass of the system from M in the
early inspiral to M(1+vk ·n̂) by the end of the ringdown.

The detectability of this e↵ect can be estimated using
the following back-of-the-envelope argument. Imagine
breaking a BH binary waveform into two parts: inspi-
ral and ringdown, h(t) = h

i

(t)+h
r

(t). For simplicity, as-
sume that the kick is imparted instantaneously at merger
so that only h

r

is a↵ected. We will show below that this
is actually a conservative assumption with regard to the
magnitude of the observable signature. Let M

i

and M
r

respectively denote the total binary mass as measured
from h

i

and h
r

alone. Neglecting the energy radiated

in GWs1, the e↵ect of a kick is to Doppler-shift the final
mass according to M

r

= M
i

(1+vk · n̂). The inspiral part
h
i

of the GW signal generally contains a larger fraction of
the signal-to-noise ratio (SNR) than the ring-down part
h
r

, so the detectability of the kick will be limited by the
measurement of M

r

: kicks of magnitude v
k

can be de-
tected if M

r

is measured with a fractional accuracy of
. v

k

/c (⇠ 1% for a superkick along the line of sight).
The ringdown waveform can be modelled by a single
damped sinusoid h

r

(t) = A exp(�⇡t/M
r

) sin(2⇡t/M
r

)
which gives a squared SNR

⇢2
r

=
1

S
n

Z 1

0

h
r

(t)2dt =
M

r

A2

5⇡S
n

, (1)

assuming white noise in a detector with power spectral
density (PSD) S

n

. The error on the measurement of M
r

can be estimated using the linear signal approximation
(but see [30] for a more detailed treatment),
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Therefore, the fractional error on M
r

is given by
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This back-of-the-envelope argument suggests that kicks
along the line-of-sight with magnitude v

k

⇠ 0.006c '
1800 km s�1 can be measured with GW observations if

1
This e↵ect is not negligible in magnitude, resulting in a reduction

of the mass by ⇠ 5 %, but can be estimated accurately from the

waveform and thus be accounted for.



It’s momentum conservation on black holes

Gravitational 
waves

Asymmetries in the binary
Preferential direction of GW emission

Final BH recoils
Conservation of linear momentum 

Does the kick leave an imprint on the emitted GWs?
Can we measure black-hole kicks with GW observations?

Black hole merger



Black-hole (super)kicks

Gravitational 
waves

• Mass kicks: smaller object moves faster… 

• Spin kicks: frame dragging comes into play

up to ~160 Km/s Gonzales+ 2007 

“Superkick” up to ~4000 Km/s
“Hang-up kick” up to ~5000 Km/s

Gonzales+ 2007; Campanelli+ 2007, Lousto Zlochower 2011,2013 

VII. DISCUSSION

The discovery that the hangup kick effect contributes
significantly to the gravitational recoil of merging black
hole binaries [21] implies that nonlinear spin couplings are
crucial in describing those recoils. Nonlinear couplings
come in a variety of combinations, as described in
Sec. II. In order to evaluate which of those terms produce
the largest contributions to the total recoil, we performed a
large set of new simulations. These 88 simulations of
precessing BHBs allowed us to confirm the relevance
of the hangup kick effect in more generic runs, discover
another important term that we named cross kick that
appears in precessing binaries, and give more accurate
predictions for other families of BHB configurations.

While not as dramatic as the hangup kick effect, the
cross kick may prove to be very important in the
non-equal-mass regime. To help elucidate how this new
contribution affects the recoil (for a given mass ratio),
we plot the maximum recoil for a configuration with
a given mass ratio and with both BHs maximally spin-
ning. As shown in Fig. 12, the cross kick enhances
the recoil (up to 600 km s!1) in the moderate mass-ratio
range.

To see how the cross kick contribution to the recoil
affects the net probabilities for large recoils, we revisit
the case of the supermassive BH binary with spins aligned
via hot and cold accretion [22] and nonaligned BHBs (i.e.,
dry mergers). Briefly, we consider a set of 1" 107 binaries
chosen randomly with a spin-magnitude distribution and
spin-inclination-angle distribution taken from Ref. [22],
and a mass-ratio distribution taken from Refs. [51–53].

We assume a uniform distribution of spin directions in
the equatorial plane (see Fig. 13). We find an increased
probability of large recoils (V > 2000 km s!1) by a factor
of #2 (see Table IX). However, to generate these proba-
bilities, we used the assumption that all terms in Eq. (25)
scale with the mass ratio as 16!2. This is a strong assump-
tion that we will revisit in an upcoming paper.
Additionally, we did not take into account new nonlinear
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FIG. 12 (color online). The maximum recoil velocity pre-
dicted by the cross kick, hangup kick, and superkick formulas
for BHBs with a given mass ratio and maximal spin. The
inset shows the difference between the cross kick and hangup
kick, and the cross kick and superkick, versus the symmetric
mass ratio.
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FIG. 13 (color online). A plot of d"final=d"init versus time for
a set of 360 binaries in a superkick configuration. The initial
separation is #10M, while the final separation is #3M. The
effect is only 4 parts in 1000.

TABLE IX. Comparison between the predicted probabilities
for a recoil in a given range as from the hangup kick and cross
kick formulas for hot (top) and cold (middle) accretion and dry
mergers (bottom).

Range P (cross) P (cross obs.) P (hang) P (hang obs.)

0–500 77.000% 91.301% 80.871% 93.210%

500–1000 15.564% 6.903% 13.843% 5.623%

1000–2000 6.930% 1.741% 5.046% 1.143%

2000–3000 0.498% 0.055% 0.237% 0.025%

3000–4000 0.007% 3:5" 10!4% 0.003% 1" 10!4%

0–500 91.193% 97.765% 93.657% 98.522%

500–1000 7.974% 2.114% 5.919% 1.423%

1000–2000 0.832% 0.120% 0.423% 0.055%

2000–3000 0.002% 1:3" 10!4% 4:7" 10!4% 0%

3000–4000 0% 0% 0% 0%

0–500 68.315% 86.465% 70.229% 87.693%

500–1000 18.382% 9.886% 18.157% 9.251%

1000–2000 11.820% 3.467% 10.519% 2.924%

2000–3000 1.449% 0.180% 1.074% 0.130%

3000–4000 0.034% 0.002% 0.021% 0.001%

CARLOS O. LOUSTO AND YOSEF ZLOCHOWER PHYSICAL REVIEW D 87, 084027 (2013)

084027-12

Lousto & Zlochower 2013

To get large kicks you need: 
• Similar BH masses 
• High spins 
• Large spin misalignment 
• Lucky orbital phase at merger

Velocity is dimensionless:  
same kicks for stellar-mass 
and supermassive black holes
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Fig. 1.—Upper limit (top) and lower limit (bottom) estimates of asVkick
functions of mass ratio q and spin of the larger black hole . Units are inã2
kilometers per second. Values of and q corresponding to lie in the˜ ˜a a 1 0.82
region to the right of the dotted line. Since eqs. (1) and (2) are not valid for

, was replaced by 0.8 in this region.˜ ˜a 1 0.8 a

Fig. 2.—Central escape velocities in units of kilometers per second in four
types of stellar system that could harbor merging BHs. E galaxy data are from
Faber et al. (1997), with separate symbols for core (open squares) and power-
law (open triangles) galaxies; dE data are from Binggeli & Jerjen (1998), with
mass-to-light ratios from Mateo (1998). GC and dSph data are from the tab-
ulation of Webbink (1996). The solid line is the mean escape velocity from
the DM halos associated with the luminous matter. The dashed line is the
escape velocity from the combined luminous!mean DM potentials for E
galaxies.

(1997). The E sample is consistent with the Faber-Jackson (1976)
relation.
The solid line in Figure 2 shows escape velocities from the

dark matter (DM) halos associated with the luminous stellar
systems. To relate halo properties to galaxy luminosities, we
use the conditional luminosity function from theF(LFM)dL
concordance L cold dark matter (LCDM) model M1 of Yang,
Mo, & van den Bosch (2003). The average luminosity ofL1
the brightest (“central”) galaxy in the halo of mass isMvir
implicitly given by the condition . Invert-"

F(LFM )dL p 1∫L vir1

ing this, we obtain and relate this mass to the escapeM (L )vir 1
velocity via , where is the virial2V p 2cg(c)GM /R Resc vir vir vir
radius of the halo, c is the concentration of a halo obeying the
Navarro, Frenk, & White (1996) profile, and g(c) p [ln (1!

(e.g., Łokas & Mamon 2001). At ,#1c)# c/(1! c)] z p 0
the average escape velocity is given by V p 239 kmesc

, where and h is the Hubble#1 1/2 11s (m /h) M p (10 m ) M11 vir 11 ,

parameter, set to 0.7 in Figure 2.
Figure 2 suggests that the consequences of the kicks are

strikingly different for the different classes of stellar system
that might host BHs. Escape velocities from E galaxies are
dominated by the stellar contribution to the potential; in the
sample of Faber et al. (1997), even without#1V ! 450 km sesc
accounting for DM. This exceeds even the upper limits in Fig-
ure 1. Hence, the kicks should almost never unbind BHs from
E galaxies. The tight correlations observed between the BH
mass and bulge luminosity (McLure & Dunlop 2002; Erwin,
Graham, & Caon 2004) and the velocity dispersion (Ferrarese
& Merritt 2000; Gebhardt et al. 2000) could probably not be
maintained if escape occurred with any significant frequency
from luminous galaxies. The upturn in escape velocity for gal-

axies brighter an is a consequence of the increaseM ∼ #20V

in the occupation number of their host halos. The dashed line
in Figure 2 shows the escape velocity from the combined
luminous!DM potential for the E galaxies, using the scaling
relation derived above to describe the luminous component.
The existence of DM significantly affects the escape prob-

ability from dE and dSph galaxies, implying kicks of ∼300 and
∼100 km s#1, respectively, for escape. In the absence of DM,
these numbers would be ∼100 and ∼20 km s#1, respectively.
Hence, kicks of order 200 km s would unbind BHs from#1

dSph galaxies whether or not they contain DM, while dE gal-
axies could retain their BHs if they are surrounded by DM
halos.
Evidence of intermediate-mass BHs at the centers of gal-

axies fainter than is sketchy (e.g., van der MarelM ≈ #19V

2004), although there is indirect (nondynamical) evidence
of BHs in faint Seyfert bulges (Filippenko & Ho 2003). We
note that the dense nuclei associated with BHs in galaxies
like M32 ( ) become progressively less frequent atM ≈ #19V

magnitudes fainter than and disappear entirelyM ≈ #16V

below (van den Bergh 1986). If the dense nucleiM ≈ #12V

are associated with nuclear BHs (e.g., Peebles 1972), their
absence could signal loss of the BHs via ejection. It is in-
triguing that these nuclei are sometimes observed to be dis-
placed far from the galaxy center (Binggeli, Barazza, &
Jerjen 2000). Figures 1 and 2 imply that even kicks at the
lower limits of Paper I would almost always unbind BHs
from GCs.

3. EJECTION IN HIERARCHICAL MERGING SCENARIOS

The kicks have serious implications for models in which
massive BHs grow from mergers of less massive seeds. In some
of these models, the precursors are stellar- or intermediate-mass

Merritt+ 2004

Empty galaxies, lonely black holes

• Kicks can be larger than the escape speed 
of most galaxies! Redmount Rees 1989

Black hole ejections 

• Smaller kicks: displacement of 
supermassive BHs

Off-nuclear quasars 
Gualandris Merritt 2008

SDSS1133: an unusually persistent transient 517

Figure 1. Images of the host galaxy Mrk 177 and SDSS1133, 25 arcsec wide and displayed with an arcsinh scale representing photographic density or CCD
counts. The 1950 and 1994 images are from blue DSS plates, the 1999 image is from an IR DSS plate, and the 2001–2013 data are g-band images from the
SDSS and PS1. A dashed green circle of 2 arcsec radius is drawn for SDSS1133 based on positions in the 2001 SDSS observation. A 3-pixel unsharp mask
has been applied to the DSS and UV images because of their lower resolution and pixel sampling.

detect the source within 3 mag of the 2002 SDSS observation (Zhou
et al. 2006).

We obtained AO images on 2013 June 16 with the Near In-
frared Camera 2 (NIRC2) instrument on the Keck-2 10-m telescope
equipped with the wide camera, which has a 40 arcsec field of
view (FOV) and 40 mas pixel−1 (Fig. 4). In this observation, we
used a three-point dither pattern for 6 min in the J and Kp filters,
as well as 12 min in the Paβ filter. The Paβ filter covers the red-
shift of SDSS1133 and Mrk 177 (z = 0.007 845). An image of the
AO tip-tilt star is used for PSF estimation (Fig. 5) and photometric
calibration based on measured 2MASS magnitudes in J and Kp.

The Swift satellite observed SDSS1133 as a Target of Opportu-
nity (ToO) programme on 2013 August 26, 27, and 28 for 3.5, 3.8,
and 11.2 ks, respectively, with its X-Ray Telescope (XRT) in Photon
Counting mode (PC mode) and the UV-Optical Telescope (UVOT)
with the UVW1 near-UV filter. The total exposure time was 18.5 ks.
X-ray data were reduced with the task XRTPIPELINE (version 0.12.6).
Source and background photons were extracted with XSELECT

(version 2.4b), from circles with radii of 47 and 200 arcsec, respec-
tively, in the 0.3–10 keV band. For PSF photometry with UVOT, we
use a nearby star with known magnitudes scaled to the brightness
of SDSS1133.

2.2 Optical Spectroscopy

We use optical spectra from a variety of telescopes for this study
of SDSS1133 (Figs 6–8). SDSS spectra were taken in 2003 March,
456 d after the object had diminished in brightness about 2.5 mag
from its peak in 2001 December. SDSS1133 was targeted as
part of the ugri-selected quasar survey because of its AGN-like
colours.

SDSS1133 was also observed with the University of Hawaii
2.2-m telescope and the SuperNova Integral Field Spectrograph
(SNIFS) on 2013 May 1–4 for a total duration of 160 min. SNIFS
is an optical integral field unit (IFU) spectrograph with blue (3000–

5200 Å) and red (5200–9500 Å) channels having a resolution of
360 km s−1 . The SNIFS reduction pipeline SNURP was used for
wavelength calibration, spectro-spatial flat-fielding, cosmic ray re-
moval, and flux calibration (Aldering et al. 2006). A sky image
was taken after each source image and subtracted from each IFU
observation. Flux corrections were applied each night based on the
standard star Feige 34. In order to estimate the amount of narrow-
line contamination from Mrk 177 at the position of SDSS1133 in
the SDSS spectrum, we placed an aperture at the same radial dis-
tance from Mrk 177, but to the north-east of SDSS1133 with the
same aperture size as the SDSS fibre (3 arcsec).

We used the DEep Imaging Multi-Object Spectrograph
(DEIMOS) on the Keck-II telescope to obtain a 10 min spectrum
(range 4730–9840 Å) of the object and the galaxy nucleus (2 arcsec
slit, PA = 137.◦5) with a 600 lines mm−1 grating on 2013 Decem-
ber 13. Finally, we used the Multiple Mirror Telescope (MMT) to
observe SDSS1133 on 2014 January 3 (1 arcsec slit, PA = 137.◦5);
the spectrum spans 3700–8926 Å.

We fit the spectra using an extensible spectroscopic analy-
sis toolkit for astronomy, PYSPECKIT, which uses a Levenberg–
Marquardt algorithm for fitting. We adopt a power-law fit to model
the continuum and Gaussian components to model the emission
lines. All narrow-line widths were fixed to the best fit of the [O III]
λ5007 line. We fit the spectra of Hα using a narrow component
based on the [O III] λ5007 line along with a broad component.
Additionally, some AGNs have broad Balmer lines that are poorly
fitted with a single Gaussian component, so we fit Hα and Hβ with
two broad components (broad and very broad) when it is statisti-
cally significant based on the reduced χ2. Fitting the Hβ line is more
complicated because of Fe II lines on the red wing as well as [O III]
λ4959 on the red wing; we therefore use the Hβ fitting procedure
following the code described by Trakhtenbrot & Netzer (2012).
To measure the full width at half-maximum intensity (FWHM)
of the broad component of the Balmer lines, we first subtract the
narrow-line component. Finally, we fit a separate broad component

MNRAS 445, 515–527 (2014)

SDSS1133 Koss+ 2014

Several electromagnetic 
candidates, but no 
unambiguous detection 

review Komossa 2012

How about GWs?



ESO 325-G004 (ESO, NASA)
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Look at big galaxies!

MBCG ⇠ 1012M� MBH ⇠ 1010M�

BCGs: brightest cluster galaxies

SMBH ejections do happen!
DG and Sesana 2015

A factor 2-4 in mass growth since z=1
High merger rate: 0.4/Gyrs

Lidman et al. 2013
Up to 4 major mergers since z=1!



• In GW measurements, total mass and redshift are degenerate 
• Kicks show up as a red/blueshift in the GW waveform!
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FIG. 1. GW shift due to BH kicks (artificially exaggerated to demonstrate the key features). As the kick velocity builds up
during the last few orbits and merger, the emitted GWs are progressively redshifted (left) or blueshifted (right), depending
on the sign of the projection of the kick velocity vk onto the line of sight n̂. This is equivalent to di↵erentially rescaling the
binary’s total mass in the phase evolution from M to M(1+vk · n̂). These figures have been produced by artificially imparting
kicks of vk · n̂ = ±0.5c to nonspinning equal-mass binaries, assuming a Gaussian kick model with � = 60M [see Eqs. (4) and
(5) with ↵n = 0 for n � 1].

Doppler mass shift. – In the absence of a mass or
length scale in vacuum GR, the GW frequency f en-
ters the binary dynamics exclusively in the dimension-
less form fM , where M is the total mass of the binary
(hereafter G = c = 1). This scale invariance implies
a complete degeneracy between a frequency shift and a
rescaling of the total mass of the system. For example,
the cosmological redshift z of a BH binary merely en-
ters in the predicted GW emission through a rescaling
of the total mass by a factor (1 + z) and, hence, GW
observation of the binary only measures the combination
M(1+z)[30]. BH kicks produce a similar e↵ect: at linear
order, the motion of the center of mass shifts the emitted
GW frequency by a factor 1 + vk · n̂ while leaving the
amplitude una↵ected (vk is the kick velocity with mag-
nitude vk and the unit vector n̂ denotes the direction of
the line of sight from observer to source). There is, how-
ever, one crucial di↵erence: while cosmological redshift
homogeneously a↵ects the entire signal, a frequency shift
due to BH kicks gradually accumulates during the last
orbits and merger. This point is illustrated in Fig. 1: as
a kick is imparted to the merging BHs, the emitted GWs
are progressively blue- or redshifted. The frequency of
the signal changes as if the mass of the system was var-
ied from M in the early inspiral to M(1 + vk · n̂) by the
end of the ringdown.

The detectability of this e↵ect can be estimated us-
ing the following back-of-the-envelope argument. Imag-
ine breaking a BH binary waveform into two parts: in-
spiral and ringdown, h(t) = hi(t) + hr(t). For simplic-
ity, assume that the kick is imparted instantaneously at
merger so that only hr is a↵ected. Let Mi and Mr, re-
spectively, denote the total binary mass as measured from
hi and hr alone. Neglecting the energy radiated in GWs

–this e↵ect is not negligible in magnitude, resulting in a
reduction of the mass by ⇠ 5 %, but can be estimated ac-
curately from the waveform and thus be accounted for–,
the e↵ect of a kick is to Doppler shift the final mass ac-
cording to Mr = Mi(1 + vk · n̂). The inspiral part hi

of the GW signal generally contains a larger fraction of
the signal-to-noise ratio (SNR) than the ringdown part
hr, so the detectability of the kick will be limited by the
measurement of Mr: kicks of magnitude vk can be de-
tected if Mr is measured with a fractional accuracy of
. vk/c (⇠ 1% for a superkick along the line of sight).
The ringdown waveform can be modeled using the least
damped quasinormal mode for a Schwarzschild BH [31]
hr(t) ' A exp(�0.089t/Mr) sin(0.37t/Mr) which gives a
squared SNR

⇢2r =
1
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Z 1

0

hr(t)
2 dt ' 2.66MrA

2

Sn
, (1)

assuming white noise in a detector with power spectral
density (PSD) Sn(f) = Sn = const. The error on the
measurement of Mr can be estimated using the linear
signal approximation,
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MrSn
, (2)

Therefore, the fractional error on Mr is given by

�Mr

Mr
' 0.322

⇢r
. (3)

This back-of-the-envelope argument suggests that kicks
along the line of sight with magnitude vk ⇠ 0.003c '
900 km s�1 can be measured with GW observations if
the SNR in the ringdown is ⇢r ⇠ 100. Direct detec-
tion of BH kicks will be very challenging, if not impossi-
ble, with current ground-based detectors. For instance,

M ! M(1 + z)

Cosmology: 
entire waveforms is shifted

M ! M

✓
1 +

vk(t)

c
· n̂

◆

Kicks: 
differential Doppler shift

DG Moore 2016
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FIG. 1. GW shift due to BH kicks (artificially exaggerated to demonstrate the key features). As the kick velocity builds up
during the last few orbits and merger, the emitted GWs are progressively redshifted (left) or blueshifted (right), depending
on the sign of the projection of the kick velocity vk onto the line of sight n̂. This is equivalent to di↵erentially rescaling the
binary’s total mass in the phase evolution from M to M(1+vk · n̂). These figures have been produced by artificially imparting
kicks of vk · n̂ = ±0.5c to nonspinning equal-mass binaries, assuming a Gaussian kick model with � = 60M [see Eqs. (4) and
(5) with ↵n = 0 for n � 1].

Doppler mass shift. – In the absence of a mass or
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ters the binary dynamics exclusively in the dimension-
less form fM , where M is the total mass of the binary
(hereafter G = c = 1). This scale invariance implies
a complete degeneracy between a frequency shift and a
rescaling of the total mass of the system. For example,
the cosmological redshift z of a BH binary merely en-
ters in the predicted GW emission through a rescaling
of the total mass by a factor (1 + z) and, hence, GW
observation of the binary only measures the combination
M(1+z)[30]. BH kicks produce a similar e↵ect: at linear
order, the motion of the center of mass shifts the emitted
GW frequency by a factor 1 + vk · n̂ while leaving the
amplitude una↵ected (vk is the kick velocity with mag-
nitude vk and the unit vector n̂ denotes the direction of
the line of sight from observer to source). There is, how-
ever, one crucial di↵erence: while cosmological redshift
homogeneously a↵ects the entire signal, a frequency shift
due to BH kicks gradually accumulates during the last
orbits and merger. This point is illustrated in Fig. 1: as
a kick is imparted to the merging BHs, the emitted GWs
are progressively blue- or redshifted. The frequency of
the signal changes as if the mass of the system was var-
ied from M in the early inspiral to M(1 + vk · n̂) by the
end of the ringdown.

The detectability of this e↵ect can be estimated us-
ing the following back-of-the-envelope argument. Imag-
ine breaking a BH binary waveform into two parts: in-
spiral and ringdown, h(t) = hi(t) + hr(t). For simplic-
ity, assume that the kick is imparted instantaneously at
merger so that only hr is a↵ected. Let Mi and Mr, re-
spectively, denote the total binary mass as measured from
hi and hr alone. Neglecting the energy radiated in GWs

–this e↵ect is not negligible in magnitude, resulting in a
reduction of the mass by ⇠ 5 %, but can be estimated ac-
curately from the waveform and thus be accounted for–,
the e↵ect of a kick is to Doppler shift the final mass ac-
cording to Mr = Mi(1 + vk · n̂). The inspiral part hi

of the GW signal generally contains a larger fraction of
the signal-to-noise ratio (SNR) than the ringdown part
hr, so the detectability of the kick will be limited by the
measurement of Mr: kicks of magnitude vk can be de-
tected if Mr is measured with a fractional accuracy of
. vk/c (⇠ 1% for a superkick along the line of sight).
The ringdown waveform can be modeled using the least
damped quasinormal mode for a Schwarzschild BH [31]
hr(t) ' A exp(�0.089t/Mr) sin(0.37t/Mr) which gives a
squared SNR
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FIG. 3: Puncture separation and dPz/dt as functions of time
for the evolutions of model D6. Results from low, medium
and high resolution simulations are shown. Only the highest
resolution is shown for dPz/dt.
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Inserting this ansatz into the expressions for radiated
energy and linear momentum (see e.g. Eqs. (48) and (49)
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Consequently the value of the geometric factor f can be
determined as f = 2/3. We find this relationship satisfied
to very good accuracy in our numerical evolutions, as
shown in Figure (4).

The relative asymmetry in the energies emitted in the
l = 2, m = ±2 modes, 2E22/(E22 + E2−2) (this quantity
is unity when there is no symmetry breaking) is plotted
in Fig. 5, showing a maximal excess of roughly 40%. An
analytic fit for extraction radius Rext = 50M is

2E22

(E22 + E2−2)
= 1 + 0.416 cos(0.125 + α) . (5)

FIG. 4: Comparison of the kick velocity in km/s according to
Eq. (1), for a range of angles α. Data points for the measured
kick and the estimate Eq. (1) are shown, the points corre-
sponding to the energy differences are connected. An analyt-
ical fit, vz = 2725 cos(176+α), to the measured kick is shown
as a dashed line. Note that Eq. (1) slightly underestimates
the kick, which is consistent since it neglects contributions
from higher order multipoles l > 2.

In the extreme case this fit corresponds to E22/E2−2 ≈
2.4. For this fit the statistical error from 95 % confidence
in the phase is roughly 20%, and roughly 2% for the
amplitude of the oscillation. Fits corresponding to the
extraction radii Rext = 30M and 75M give consistent
results with Eq. (5) within the statistical error bars.

FIG. 5: Excess energy in the l = 2, m = 2 mode,
2E22/(E22 + E2−2) plotted for extraction radii Rext = 30 M ,
and 50 M . The curves are the analytical fits for both extrac-
tion radii, see Eq. (5) Clearly, there is no significant depen-
dence of this ratio on extraction radius.

B. Simplest assumption: spin decouples from
black-hole dynamics

As a first approximation of the dynamics, we may
imagine that the black holes behave like (force-free) gy-
roscopes in flat spacetime, and as they orbit each other
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FIG. 6: The recoil speed (V = |V⃗ |) for the SP6 configuration
as measured from ψ4 at r = 40M as a function of time, as
well as the time derivative of the recoil speed (dV/dt = V̂ ·
˙⃗
V ), and the magnitude of ψ4. Here the initial data burst is
excluded from the calculation. Note that peak in dV/dt is
located between t = 250M and t = 270M and occurs about
2M latter than the peak in |ψ4|. A common horizon was
first detected at t = 207.4M , strongly suggesting that most
of the recoil velocity is built up around merger time (since
the observer is at r = 40M , features in the waveform at time
t = τ originated near the horizon(s) at time t ∼ τ − 40M).

M after merger. See also Refs. [21, 28, 37].), a non-
linear regime where post-Newtonian approximations are
not expected to work, but where the ‘Lazarus’ approach
[64, 65, 66, 67, 68, 69] can be successfully applied [19].

Although an accurate modeling of ξ is challenging,
starting from an ansatz that ξ = ξ(q, ∆), we have found
that, for quasi-circular orbits, ξ is qualitatively indepen-
dent of either ∆ or q for q = 3/8, q = 2/3 (based on the
results of Ref. [32]), and q = 1/2 (based on SP6). Note
that the ξ that we measure is consistent with a simi-
lar parameter introduced in Ref. [32], where they found
ξ = 147◦ (in our notation), based on a least-squares fit
of the magnitude of the recoil versus a simplified version
of Eq. (1). We know from the results for headon colli-
sion (where ξ = π/2), that ξ is a function of eccentricity.
However, for quasi-circular orbits, it appears to vary only
marginally with either q or ∆. Further long-term simu-
lations with high-accuracy (including extrapolations to
h → 0 and η → 0) and further separated binaries will be
needed in order to obtain a highly accurate model for ξ.
In particular, the η → 0 limit will be important because
the recoil depends sensitively on the linear momenta and
spin directions of the individual black holes near merger
(where gauge effects are most severe), and hence we need
to take the η → 0 limit in order to accurately measure α⃗,
L⃗, and Θ. Nevertheless, our simple formula holds with

enough accuracy for astrophysical applications. In par-
ticular we have seen that the determination of an average
value for the angle ξ of 145o seems to work not only for
the F and S sequences, but also when we move off of
these sequences towards more generic binaries. However,
the formula should definitely be used with caution in an
untested regime, especially when the trajectories are sig-
nificantly altered by spin-orbit effects.
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APPENDIX A: POST-NEWTONIAN MODELING

Here we provide a brief post-Newtonian analysis of
the configurations that maximize the recoil velocity for
spinning black holes. The spin-orbit-coupling (SO) con-
tribution to the radiated linear momentum is given by
Eq. (11).

We will restrict our analysis to planar orbits. Hence
we have

v⃗ = ṙn̂ + rωλ̂, (A1)

where λ̂ = L̂N × n̂, L̂N = L⃗N/|L⃗N |, ω is the orbital an-
gular velocity, and L⃗N ≡ µ(x⃗ × v⃗) is the Newtonian or-
bital angular momentum. We shall take L̂N ≡ ẑ. Hence

λ̂ = ẑ × n̂ and n̂ × λ̂ = n̂ × (ẑ × n̂) = ẑ (A2)

We observe that the third and fourth terms in Eq. (11)
only contribute to the recoil along the z-axis since

n̂ × v⃗ = rωẑ (A3)

This contribution to the recoil velocity might well be the
leading one, hence, in order to maximize the total recoil
we seek to align, as much as possible, the first two terms
in Eq. (11) with the z-axis. This is achieved by having
the spin of the black holes lie in the orbital plane, i.e.

∆⃗ = ∆nn̂ + ∆λλ̂. (A4)

We then explicitly obtain the following products

v⃗ × ∆ = (ṙ∆λ − rω∆n)ẑ, (A5)

n̂ × ∆ = ∆λẑ, (A6)

v⃗ · ∆⃗ = ṙ∆n + rω∆λ. (A7)

Plugging this into Eq. (11) we find

˙⃗P
∥

SO = −
8

15

µ2m

r5

!

(2ṙ2 − 4r2ω2)∆λ − 9ṙrω∆n

"

ẑ.(A8)
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Large kicks tend to be Gaussian
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±x/M ±p/M m1/M m2/M S1/M
2 S2/M

2 M
ADM

/M

r0 3.0205 0.1366 0.4011 0.4009 -0.1460 0.1460 0.9856
r1 3.1264 0.1319 0.4380 0.4016 -0.1095 0.1460 0.9855
r2 3.2198 0.1281 0.4615 0.4022 -0.0730 0.1460 0.9856
r3 3.3190 0.1243 0.4749 0.4028 -0.0365 0.1460 0.9857
r4 3.4100 0.1210 0.4796 0.4034 -0.0000 0.1460 0.9859

TABLE I: The puncture initial data parameters defining the binaries:
location (±x/M ), linear momenta (±p/M ), masses (mi/M ), spins
(Si/M ) and ADM mass measured at infinity (M

ADM
).

predicts a linear growth of the recoil velocity with increasing
difference in spins, yielding a kick which is comparable with
the one coming from the asymmetry in the mass. Stated differ-
ently, when it comes to recoil velocities, the spin contributions
may be the dominant ones.

Techniques. The numerical evolutions have been carried out
using a conformal-traceless formulation of the Einstein equa-
tions as described in [21], with “1+ log” slicing and Γ-driver
shift, and advection terms applied to the gauge conditions
as suggested in [3]. Spatial differentiation is performed via
straightforward finite differencing using fourth-order stencils.
Individual apparent horizons are located every few timesteps
during the evolution [22]. Vertex-centered adeptive mesh-
refinement (AMR) is employed using nested grids [23] with
the highest resolution concentrated in the neighbourhood of
the individual horizons. For each of the models studied,
we have carried out simulations with fine-grid resolutions of
h = 0.030 M and h = 0.024 M , where M ≡ M1 + M2 is
the total mass of the system. For a subset we have carried out
a further evolution at h = 0.018 M to assess the convergence
and estimate the error for the h = 0.024 M results.

The initial data is constructed using the “puncture”
method [24], which uses Bowen-York extrinsic curvature and
solves the Hamiltonian constraint equation numerically as
in [25]. We have considered a sequence of binaries for
which the initial spin of one of the black holes is fixed at
S2/M2 = 0.146ez , and, to maximize the recoil [cf. eq. (1)],
the spin of the second black hole is in the opposite direction
and has a modulus which is varied in steps of 1/4. As a re-
sult, we obtain 5 sets of binary black holes having spin ratios
−1, −3/4, . . . , 0. The orbital parameters (mi, xi and pi) for
spinning binaries in quasi-circular orbit are determined using
an effective potential method [26] (a minimum is found in the
binding energy of the system) in such a way that the black hole
masses (Mi =

!

M2
ir + S2

i /(4M2
ir) ) are equal and M = 1.

The data for the initial separation and momenta are summa-
rized in Table I and are chosen so that all of the binaries have
the same orbital angular momentum.

To avoid possible systematic errors and improve the accu-
racy of the measurements, the kick velocity has been com-
puted using two different and independent methods. The first
and more traditional one makes use of the Newman-Penrose
quantity ψ4 to provide the rate of change of the linear momen-

FIG. 1: Recoil velocity as function of time for a binary system of
nonspinning black holes with a mass ratio of 2/3 at an initial sepa-
ration 4.1 M . The set of curves (a) and (b) differ in the choice of the
integration constant, while the solid and dashed lines show the two
independent computations of the momentum flux [eqs. (2) and (3)].

tum in the i-direction as [27, 28]

dPi

dt
= lim

r→∞
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The second and novel method, instead, uses a perturbative
wave-extraction procedure [29] that calculates gravitational
waves in terms of gauge-invariant, even Q(e)

ℓm and odd-parity
Q(o)

ℓm metric perturbations of the Schwarzschild spacetime af-
ter they have been decomposed into spherical harmonics of
spin weight −2 [30]. Using these quantities it is possible to
reconstruct the momentum fluxes in the x and y-directions as

Ṗx + iṖy =
∞
&

ℓ,m

F (Q(e,o)
ℓm , Q(e,o)⋆

ℓm , Q̇(e,o)
ℓm , Q̇(e,o)⋆

ℓm ) , (3)

where the overdot indicates a (coordinate) time derivative and
the ⋆ complex conjugation [the complete expression for the
formula (3) will be presented in a longer paper [31]].
We have validated both methods by measuring the recoil

velocity for a binary system of nonspinning black holes hav-
ing a mass ratio of 2/3 at an initial separation of 4.1 M . The
results of this calibration extracted at r = 50 M are shown in
Fig. 1, which reports the evolution of the kick velocity using
Ψ4 (solid lines), and the gauge-invariant quantities when the
summation in (3) is truncated to the first 6 multipoles (dashed
lines), which we have found to be sufficient to reach conver-
gence. Indicated with symbols are the estimates and relative
error bars obtained by [8] (circle) and by [11] (star).
We note that because the binary system starts evolving at

a finite separation, it will have already gained a net linear
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the rather loud event GW150914 has a ringdown SNR
⇢r ⇠ 5 [32], which would only allow us to measure unre-
alistically large kicks vk ⇠ 0.06c. On the other hand, BH
kicks are very promising observables for space-based de-
tectors, where SNRs in the ringdown can reach ⇢r ⇠ 103

[33]. This will allow for measurements of supermassive
BH kicks with magnitude as low as vk ⇠ 100 km s�1,
which are expected to be ubiquitous [34, 35]. The de-
tectability of the kick is governed by the ringdown part
of the SNR ⇢r, which has also been found to be impor-
tant to detect the GW memory e↵ect (see Ref. [36] where
kicks are also mentioned) and test the Kerr hypothesis
via BH spectroscopy [31].

Kicked waveforms. – In order to investigate the de-
tectability of BH kicks more quantitatively, we need a
waveform model that captures the cumulative frequency
shift they introduce. Doppler shifts due to BH kicks can
be straightforwardly incorporated into any preexisting
waveform model (which does not include the kick) by
substituting M ! M ⇥ [1 + v(t)] in the phase evolution,
where v(t) is the projection of the center-of-mass veloc-
ity due to the kick onto the line of sight. Here, we only
consider the nonrelativistic Doppler shift; relativistic cor-
rections enter at the order O(vk)2 . 10�4, well below the
magnitude relevant for our analysis. The profile v(t) is
taken such that v(t) ! 0 as t ! �1 and v(t) ! vk · n̂
as t ! 1. A common observation in NR simulations is
that the kick is imparted over a time 2� ⇠ 20M centered
on the merger, at a rate dv/dt which is approximately of
Gaussian shape [37, 38], possibly with some deceleration
after merger (antikick) [39, 40]. In contrast to the kick
speed, relatively little is known regarding the kick pro-
file beyond these qualitative observations. We therefore
adopt a flexible model for the kick profile. We expand
dv/dt according to

d

dt
v(t) = vk · n

P
n ↵n�n(t)R1

�1
P

n ↵n�n(t) dt
, (4)

�n(t)=
1

�
p

2nn!
p
⇡

exp

✓
� (t � tc)2

2�2

◆
Hn

✓
t � tc
�

◆
, (5)

where Hn are the Hermite polynomials, tc is the time
of coalescence, � controls the duration over which the
kick is accumulated and the ↵n weigh the various com-
ponents. The functions �n(t) constitute a complete basis
(they are actually the familiar solutions for the quantum
harmonic oscillator) and so they can model all possible
kick profiles. This basis is particularly appealing, be-
cause the first two terms n = 0, 1 model Gaussian ac-
celeration profiles and antikicks, respectively. The case
� = 0 and ↵n = 0 for n � 1 corresponds to a kick instan-
taneously imparted at tc, as assumed in the back-of-the-
envelope argument presented above. We have tested this
prescription against 200 NR waveforms from the public
Simulating eXtreme Spacetimes catalog [41], finding that

FIG. 2. Mismatches introduced by BH recoils. The top panel
shows the mismatch 1 �O between (i) a standard waveform
of equal-mass nonspinning BH binaries of total mass M and
(ii) a ‘kicked’ waveform which includes the Doppler-shifting
e↵ects of a velocity profile v(t). Each line corresponds to a
di↵erent kick profile v(t), as shown in the bottom panel. All
models shown here assume ↵n = 0 for n � 2. The � = 10M ,
↵1/↵0 = 0 model (solid line) is used in Fig. 3.

the radiated-momentum profiles obtained from integrat-
ing the l  6 modes of the Newman-Penrose scalar  

4

are well approximated by the first two terms of the ex-
pansion of Eqs. (4) and (5). For systems with kicks above
500 km s�1, residuals in vk are less than 17% in all cases,
and typically less than 4% [42].

For a given waveform approximant, GW detector, and
binary parameters, we generate two signals: a standard
waveform h

0

(t) and a second “kicked” waveform hk(t).
The two waveforms can be compared by calculating their
overlap

O = max
tc,�c

(h
0

|hk)p
(h

0

|h
0

)(hk|hk)
, (6)

where (h
0

|hk) is the noise-weighted inner product [44]
and tc (�c) is the time (phase) of coalescence. Approxi-
mately, two waveforms are distinguishable (and the kick
detectable) if O . 1 � ⇢�2 [45], where ⇢ =

p
(h

0

|h
0

) is
the SNR (of the full waveform). This assumes the kick is
not degenerate with other parameters, which is expected
as the kick mostly a↵ects the ringdown and not the entire
signal.

This procedure is illustrated in Fig. 2 using a sim-

a(t) =
X

n

↵n�n(t)
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Gaussian, each term 
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the rather loud event GW150914 has a ringdown SNR
⇢r ⇠ 5 [32], which would only allow us to measure unre-
alistically large kicks vk ⇠ 0.06c. On the other hand, BH
kicks are very promising observables for space-based de-
tectors, where SNRs in the ringdown can reach ⇢r ⇠ 103

[33]. This will allow for measurements of supermassive
BH kicks with magnitude as low as vk ⇠ 100 km s�1,
which are expected to be ubiquitous [34, 35]. The de-
tectability of the kick is governed by the ringdown part
of the SNR ⇢r, which has also been found to be impor-
tant to detect the GW memory e↵ect (see Ref. [36] where
kicks are also mentioned) and test the Kerr hypothesis
via BH spectroscopy [31].

Kicked waveforms. – In order to investigate the de-
tectability of BH kicks more quantitatively, we need a
waveform model that captures the cumulative frequency
shift they introduce. Doppler shifts due to BH kicks can
be straightforwardly incorporated into any preexisting
waveform model (which does not include the kick) by
substituting M ! M ⇥ [1 + v(t)] in the phase evolution,
where v(t) is the projection of the center-of-mass veloc-
ity due to the kick onto the line of sight. Here, we only
consider the nonrelativistic Doppler shift; relativistic cor-
rections enter at the order O(vk)2 . 10�4, well below the
magnitude relevant for our analysis. The profile v(t) is
taken such that v(t) ! 0 as t ! �1 and v(t) ! vk · n̂
as t ! 1. A common observation in NR simulations is
that the kick is imparted over a time 2� ⇠ 20M centered
on the merger, at a rate dv/dt which is approximately of
Gaussian shape [37, 38], possibly with some deceleration
after merger (antikick) [39, 40]. In contrast to the kick
speed, relatively little is known regarding the kick pro-
file beyond these qualitative observations. We therefore
adopt a flexible model for the kick profile. We expand
dv/dt according to

d

dt
v(t) = vk · n

P
n ↵n�n(t)R1

�1
P

n ↵n�n(t) dt
, (4)

�n(t)=
1

�
p

2nn!
p
⇡

exp

✓
� (t � tc)2

2�2

◆
Hn

✓
t � tc
�

◆
, (5)

where Hn are the Hermite polynomials, tc is the time
of coalescence, � controls the duration over which the
kick is accumulated and the ↵n weigh the various com-
ponents. The functions �n(t) constitute a complete basis
(they are actually the familiar solutions for the quantum
harmonic oscillator) and so they can model all possible
kick profiles. This basis is particularly appealing, be-
cause the first two terms n = 0, 1 model Gaussian ac-
celeration profiles and antikicks, respectively. The case
� = 0 and ↵n = 0 for n � 1 corresponds to a kick instan-
taneously imparted at tc, as assumed in the back-of-the-
envelope argument presented above. We have tested this
prescription against 200 NR waveforms from the public
Simulating eXtreme Spacetimes catalog [41], finding that

FIG. 2. Mismatches introduced by BH recoils. The top panel
shows the mismatch 1 �O between (i) a standard waveform
of equal-mass nonspinning BH binaries of total mass M and
(ii) a ‘kicked’ waveform which includes the Doppler-shifting
e↵ects of a velocity profile v(t). Each line corresponds to a
di↵erent kick profile v(t), as shown in the bottom panel. All
models shown here assume ↵n = 0 for n � 2. The � = 10M ,
↵1/↵0 = 0 model (solid line) is used in Fig. 3.

the radiated-momentum profiles obtained from integrat-
ing the l  6 modes of the Newman-Penrose scalar  

4

are well approximated by the first two terms of the ex-
pansion of Eqs. (4) and (5). For systems with kicks above
500 km s�1, residuals in vk are less than 17% in all cases,
and typically less than 4% [42].

For a given waveform approximant, GW detector, and
binary parameters, we generate two signals: a standard
waveform h

0

(t) and a second “kicked” waveform hk(t).
The two waveforms can be compared by calculating their
overlap

O = max
tc,�c

(h
0

|hk)p
(h

0

|h
0

)(hk|hk)
, (6)

where (h
0

|hk) is the noise-weighted inner product [44]
and tc (�c) is the time (phase) of coalescence. Approxi-
mately, two waveforms are distinguishable (and the kick
detectable) if O . 1 � ⇢�2 [45], where ⇢ =

p
(h

0

|h
0

) is
the SNR (of the full waveform). This assumes the kick is
not degenerate with other parameters, which is expected
as the kick mostly a↵ects the ringdown and not the entire
signal.

This procedure is illustrated in Fig. 2 using a sim-
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3

the rather loud event GW150914 has a ringdown SNR
⇢r ⇠ 5 [32], which would only allow us to measure unre-
alistically large kicks vk ⇠ 0.06c. On the other hand, BH
kicks are very promising observables for space-based de-
tectors, where SNRs in the ringdown can reach ⇢r ⇠ 103

[33]. This will allow for measurements of supermassive
BH kicks with magnitude as low as vk ⇠ 100 km s�1,
which are expected to be ubiquitous [34, 35]. The de-
tectability of the kick is governed by the ringdown part
of the SNR ⇢r, which has also been found to be impor-
tant to detect the GW memory e↵ect (see Ref. [36] where
kicks are also mentioned) and test the Kerr hypothesis
via BH spectroscopy [31].

Kicked waveforms. – In order to investigate the de-
tectability of BH kicks more quantitatively, we need a
waveform model that captures the cumulative frequency
shift they introduce. Doppler shifts due to BH kicks can
be straightforwardly incorporated into any preexisting
waveform model (which does not include the kick) by
substituting M ! M ⇥ [1 + v(t)] in the phase evolution,
where v(t) is the projection of the center-of-mass veloc-
ity due to the kick onto the line of sight. Here, we only
consider the nonrelativistic Doppler shift; relativistic cor-
rections enter at the order O(vk)2 . 10�4, well below the
magnitude relevant for our analysis. The profile v(t) is
taken such that v(t) ! 0 as t ! �1 and v(t) ! vk · n̂
as t ! 1. A common observation in NR simulations is
that the kick is imparted over a time 2� ⇠ 20M centered
on the merger, at a rate dv/dt which is approximately of
Gaussian shape [37, 38], possibly with some deceleration
after merger (antikick) [39, 40]. In contrast to the kick
speed, relatively little is known regarding the kick pro-
file beyond these qualitative observations. We therefore
adopt a flexible model for the kick profile. We expand
dv/dt according to

d

dt
v(t) = vk · n

P
n ↵n�n(t)R1

�1
P

n ↵n�n(t) dt
, (4)

�n(t)=
1

�
p

2nn!
p
⇡

exp

✓
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◆
Hn
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t � tc
�
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where Hn are the Hermite polynomials, tc is the time
of coalescence, � controls the duration over which the
kick is accumulated and the ↵n weigh the various com-
ponents. The functions �n(t) constitute a complete basis
(they are actually the familiar solutions for the quantum
harmonic oscillator) and so they can model all possible
kick profiles. This basis is particularly appealing, be-
cause the first two terms n = 0, 1 model Gaussian ac-
celeration profiles and antikicks, respectively. The case
� = 0 and ↵n = 0 for n � 1 corresponds to a kick instan-
taneously imparted at tc, as assumed in the back-of-the-
envelope argument presented above. We have tested this
prescription against 200 NR waveforms from the public
Simulating eXtreme Spacetimes catalog [41], finding that
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FIG. 2. Mismatches introduced by BH recoils. The top panel
shows the mismatch 1 �O between (i) a standard waveform
of equal-mass nonspinning BH binaries of total mass M and
(ii) a ‘kicked’ waveform which includes the Doppler-shifting
e↵ects of a velocity profile v(t). Each line corresponds to a
di↵erent kick profile v(t), as shown in the bottom panel. All
models shown here assume ↵n = 0 for n � 2. The � = 10M ,
↵1/↵0 = 0 model (solid line) is used in Fig. 3.
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are well approximated by the first two terms of the ex-
pansion of Eqs. (4) and (5). For systems with kicks above
500 km s�1, residuals in vk are less than 17% in all cases,
and typically less than 4% [42].

For a given waveform approximant, GW detector, and
binary parameters, we generate two signals: a standard
waveform h

0

(t) and a second “kicked” waveform hk(t).
The two waveforms can be compared by calculating their
overlap

O = max
tc,�c

(h
0

|hk)p
(h

0

|h
0

)(hk|hk)
, (6)

where (h
0

|hk) is the noise-weighted inner product [44]
and tc (�c) is the time (phase) of coalescence. Approxi-
mately, two waveforms are distinguishable (and the kick
detectable) if O . 1 � ⇢�2 [45], where ⇢ =

p
(h

0

|h
0

) is
the SNR (of the full waveform). This assumes the kick is
not degenerate with other parameters, which is expected
as the kick mostly a↵ects the ringdown and not the entire
signal.

This procedure is illustrated in Fig. 2 using a sim-

• Six inspiral cycles, merger and ringdown 
• Flat PSD 
• Blue/red shifts equally detectable 
• Non trivial dependence on the kick 

shape: more work needed here!
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the rather loud event GW150914 has a ringdown SNR
⇢r ⇠ 5 [32], which would only allow us to measure unre-
alistically large kicks vk ⇠ 0.06c. On the other hand, BH
kicks are very promising observables for space-based de-
tectors, where SNRs in the ringdown can reach ⇢r ⇠ 103

[33]. This will allow for measurements of supermassive
BH kicks with magnitude as low as vk ⇠ 100 km s�1,
which are expected to be ubiquitous [34, 35]. The de-
tectability of the kick is governed by the ringdown part
of the SNR ⇢r, which has also been found to be impor-
tant to detect the GW memory e↵ect (see Ref. [36] where
kicks are also mentioned) and test the Kerr hypothesis
via BH spectroscopy [31].

Kicked waveforms. – In order to investigate the de-
tectability of BH kicks more quantitatively, we need a
waveform model that captures the cumulative frequency
shift they introduce. Doppler shifts due to BH kicks can
be straightforwardly incorporated into any preexisting
waveform model (which does not include the kick) by
substituting M ! M ⇥ [1 + v(t)] in the phase evolution,
where v(t) is the projection of the center-of-mass veloc-
ity due to the kick onto the line of sight. Here, we only
consider the nonrelativistic Doppler shift; relativistic cor-
rections enter at the order O(vk)2 . 10�4, well below the
magnitude relevant for our analysis. The profile v(t) is
taken such that v(t) ! 0 as t ! �1 and v(t) ! vk · n̂
as t ! 1. A common observation in NR simulations is
that the kick is imparted over a time 2� ⇠ 20M centered
on the merger, at a rate dv/dt which is approximately of
Gaussian shape [37, 38], possibly with some deceleration
after merger (antikick) [39, 40]. In contrast to the kick
speed, relatively little is known regarding the kick pro-
file beyond these qualitative observations. We therefore
adopt a flexible model for the kick profile. We expand
dv/dt according to

d
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where Hn are the Hermite polynomials, tc is the time
of coalescence, � controls the duration over which the
kick is accumulated and the ↵n weigh the various com-
ponents. The functions �n(t) constitute a complete basis
(they are actually the familiar solutions for the quantum
harmonic oscillator) and so they can model all possible
kick profiles. This basis is particularly appealing, be-
cause the first two terms n = 0, 1 model Gaussian ac-
celeration profiles and antikicks, respectively. The case
� = 0 and ↵n = 0 for n � 1 corresponds to a kick instan-
taneously imparted at tc, as assumed in the back-of-the-
envelope argument presented above. We have tested this
prescription against 200 NR waveforms from the public
Simulating eXtreme Spacetimes catalog [41], finding that

FIG. 2. Mismatches introduced by BH recoils. The top panel
shows the mismatch 1 �O between (i) a standard waveform
of equal-mass nonspinning BH binaries of total mass M and
(ii) a ‘kicked’ waveform which includes the Doppler-shifting
e↵ects of a velocity profile v(t). Each line corresponds to a
di↵erent kick profile v(t), as shown in the bottom panel. All
models shown here assume ↵n = 0 for n � 2. The � = 10M ,
↵1/↵0 = 0 model (solid line) is used in Fig. 3.
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are well approximated by the first two terms of the ex-
pansion of Eqs. (4) and (5). For systems with kicks above
500 km s�1, residuals in vk are less than 17% in all cases,
and typically less than 4% [42].

For a given waveform approximant, GW detector, and
binary parameters, we generate two signals: a standard
waveform h

0

(t) and a second “kicked” waveform hk(t).
The two waveforms can be compared by calculating their
overlap
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where (h
0

|hk) is the noise-weighted inner product [44]
and tc (�c) is the time (phase) of coalescence. Approxi-
mately, two waveforms are distinguishable (and the kick
detectable) if O . 1 � ⇢�2 [45], where ⇢ =

p
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) is
the SNR (of the full waveform). This assumes the kick is
not degenerate with other parameters, which is expected
as the kick mostly a↵ects the ringdown and not the entire
signal.

This procedure is illustrated in Fig. 2 using a sim-
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500 km s�1, residuals in vk are less than 17% in all cases,
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FIG. 3. Detectability of BH kicks with LIGO (left) and eLISA (right). For each simulated source we compute the overlap O
between standard and ‘kicked’ waveforms, and compare it with the SNR ⇢. Kick velocities –here encoded in the color bar– are
imparted using NR fitting formulas. BH kicks are detectable for the fraction F of the sources above the black line, O < 1�⇢�2.
eLISA results have here been generated with the “N2A5L6” PSD of Ref. [43].

ple controlled experiment. We consider 6 inspiral cycles,
merger and ringdown of an equal-mass nonspinning BH
binary (a similar setup to that used in Fig. 1). For sim-
plicity, and to ensure that the results are not detector
specific, the overlaps have been computed using a flat
PSD. Artificially imposed recoils of ⇠ 1000 km s�1 intro-
duce mismatches (1 � O) ⇠ 10�5. Kicks are more likely
to be detected if they are imparted over a longer period
of time (i.e. larger �) because dephasing starts to occur
earlier in the inspiral (this e↵ect can be seen in Fig. 1
where a larger value of � = 60M was used). Note that
the overlaps are approximately symmetric with respect
to the transformation vk ! �vk, i.e. blueshifts and red-
shifts are equally detectable. This property can be shown
to hold exactly at linear order in vk [42].

We next explore more realistic scenarios by using NR
fitting formulas to predict the kick velocity. For this
purpose, we generate two BH binary populations for the
LIGO and eLISA detectors. LIGO (eLISA) sources were
selected randomly from the following distributions: uni-
form total mass M 2 [10M�, 100M�] ([105M�, 106M�])
and mass ratio q 2 [0.05, 1]; uniform dimensionless spin
magnitudes �

1

, �
2

2 [0, 1]; isotropic inclination and
spin directions at a reference GW frequency f

ref

= 20
Hz (2 mHz); isotropic sky location; sources are dis-
tributed homogeneously in comoving volume with comov-
ing distance Dc 2 [0.1 Gpc, 1 Gpc] ([1 Gpc, 10 Gpc]) as-
suming the Planck cosmology [46]. We use the LIGO
“Zero-Det-High-P” PSD of Ref. [47] with lower cut-
o↵s f

low

= 10 Hz, and the two possible eLISA PSDs
“N2A5L6” and “N2A1L4” of Ref. [43] with f

low

= 0.3
mHz (the former being more optimistic; for simplicity, we
neglect the spacecraft orbital motion which can be sepa-
rately accounted for). For each binary, we estimate the
kick velocity using the fitting formula summarized in [48].
In order to return accurate estimates, the kick formula
requires as input the BH spin parameters at separations

r ⇠ 10M , comparable to the initial separations of the
NR simulations used in the formula’s calibration. Other-
wise, resonant e↵ects [49] are not adequately accounted
for and lead to erroneous kick magnitudes [50]. We bridge
the separation range between f

ref

and r = 10 M using
the orbit-averaged post-Newtonian evolution code of [48].
The NR fitting formula then provides expressions for the
kick components parallel and orthogonal to the binary
orbital angular momentum L: vk and v?. The projec-
tion of the kick velocity along the line of sight is given
by

vk · n̂ = vk cos ⇥ cos ◆ � v? cos ⇥0 sin ◆ , (7)

where cos ◆ = L̂ · n̂ is the cosine of the inclination at
r = 10M , ⇥ is related to the direction of the orbital-
plane components of the spins at merger [37, 51], and
⇥0 sets the direction of the orbital-plane component of
the kick [42]. In practice, both ⇥ and ⇥0 depend on the
initial separation of the binary in the NR simulations.
While the ⇥ dependence has been studied extensively
in the literature [37, 51], the impact of ⇥0 and its re-
lation with ⇥ have, to our knowledge, not yet been ex-
plored. In the following, both angles are drawn uniformly
in [0,⇡]. For each system, we generate two waveforms,
h
0

and hk, using the inspiral-merger-ringdown approxi-
mant “IMRPhenomPv2” of Refs. [52–54] which accounts
for spin precession. We have verified our results for the
overlaps are insensitive to the choice of the waveform ap-
proximant, even when non-precessing models are used.
In the following, we assume a “Gaussian” kick model,
described by ↵n = 0 for n � 1 and � = 10M (solid curve
in Fig. 2); cf. Ref. [37].

Our results are summarized in Fig. 3. As suggested by
our previous argument, none of the LIGO sources have
mismatches high enough to detect the kick. The eLISA
case is di↵erent: ⇠ 1%-6% (depending on the PSD) of
the simulated sources have O < 1 � ⇢�2 and therefore

LISA can! 
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For a ‘superkick’ �vk ⇠ 200km/s �↵ ⇠ 10%

…similar numbers are found for 3rd gen detectors like ET
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Food for thought
1.  We pointed out kicks are within the reach of future detectors 

2.  Kicked waveforms probably not the best strategy. Higher harmonics? Surrogate models? 

3.  (in principle) consistency check of GR 

4.  (but actually) can the kick deteriorate ringdown tests? 

5.  Stacking?                      ? Can LIGO make it? 

6.  Multi-band? Inspiral and ringdown at very different frequencies 

7.  More/less kicks in some evolutionary channels? Eg. coherent vs. chaotic accretion

⇢e↵ ⇠ ⇢
p
N



Kicks are cool

Gerosa & Moore
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FIG. 1. GW shift due to BH kicks (artificially exaggerated to demonstrate the key features). As the kick velocity builds up
during the last few orbits and merger, the emitted GWs are progressively redshifted (left) or blueshifted (right), depending on
the sign of the projection of the kick velocity vk onto the light-of-sight n̂. This is equivalent to a di↵erential rescaling of the
binary’s total mass from M to M(1+vk · n̂). These figures have been produced by artificially imparting kicks of vk · n̂ = ±0.5c
to non-spinning equal-mass binaries, assuming a Gaussian kick model with � = 60M [see Eqs. (4)-(5) with ↵n = 0 for n � 1].

ters the binary dynamics exclusively in the dimension-
less form fM , where M is the total mass of the binary
(hereafter G = c = 1). This scale invariance implies
a complete degeneracy between a frequency shift and a
rescaling of the total mass of the system. For example,
the cosmological redshift z of a BH binary merely en-
ters in the predicted GW emission through a rescaling
of the total mass by a factor (1 + z) and, hence, GW
observation of the binary only measures the combination
M(1 + z)[29]. BH kicks produce a similar e↵ect: the
motion of the center of mass shifts the emitted GW fre-
quency by a factor 1 + vk · n̂ (vk is the kick velocity
with magnitude v

k

and n̂ denotes the direction of the
line-of-sight from observer to source). There is, however,
one crucial di↵erence: while cosmological redshift homo-
geneously a↵ects the entire signal, a frequency shift due
to BH kicks gradually accumulates during the last or-
bits and merger. This point is illustrated in Fig. 1: as a
kick is imparted to the merging BHs, the emitted GWs
are progressively blue- or red-shifted. This equivalent to
varying the e↵ective mass of the system from M in the
early inspiral to M(1+vk ·n̂) by the end of the ringdown.

The detectability of this e↵ect can be estimated using
the following back-of-the-envelope argument. Imagine
breaking a BH binary waveform into two parts: inspi-
ral and ringdown, h(t) = h

i

(t)+h
r

(t). For simplicity, as-
sume that the kick is imparted instantaneously at merger
so that only h

r

is a↵ected. We will show below that this
is actually a conservative assumption with regard to the
magnitude of the observable signature. Let M

i

and M
r

respectively denote the total binary mass as measured
from h

i

and h
r

alone. Neglecting the energy radiated

in GWs1, the e↵ect of a kick is to Doppler-shift the final
mass according to M

r

= M
i

(1+vk · n̂). The inspiral part
h
i

of the GW signal generally contains a larger fraction of
the signal-to-noise ratio (SNR) than the ring-down part
h
r

, so the detectability of the kick will be limited by the
measurement of M

r

: kicks of magnitude v
k

can be de-
tected if M

r

is measured with a fractional accuracy of
. v

k

/c (⇠ 1% for a superkick along the line of sight).
The ringdown waveform can be modelled by a single
damped sinusoid h

r

(t) = A exp(�⇡t/M
r

) sin(2⇡t/M
r

)
which gives a squared SNR
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assuming white noise in a detector with power spectral
density (PSD) S

n

. The error on the measurement of M
r

can be estimated using the linear signal approximation
(but see [30] for a more detailed treatment),
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Therefore, the fractional error on M
r

is given by
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⇡ 0.006
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This back-of-the-envelope argument suggests that kicks
along the line-of-sight with magnitude v

k

⇠ 0.006c '
1800 km s�1 can be measured with GW observations if

1
This e↵ect is not negligible in magnitude, resulting in a reduction

of the mass by ⇠ 5 %, but can be estimated accurately from the

waveform and thus be accounted for.

• Hulse-Taylor pulsar: first evidence GWs carry energy 
• GW150914: first direct evidence of GWs themselves 
• Kicks: first direct evidence GWs carry linear momentum 

arXiv:1606.04226  PRL 117: 011101
and more coming…


